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AIfMTICA~AI&+IIntiL &kSTIGATIO~ e
. .

., OF BOECEDJOINIS ~

By SamuelJ. Rosenfeld
‘.... .. ..

SUMMARY .,
,. .

..“,,.

Resultsare givenof u analyticaland experimentalinvestigation
of stresses:insymmetricalbutt joints. The methodsof analysis,
whichare based on the prelim+~y investigationof NACA TN No. 10!71j
are presentedin the firstpart of the paper. A recurrenceformula
is developd“whichin conjunctionwith the appropriateboundary
equatioticanbe izsedto obtainsets of”.simultaneouslinearequations
the solutionsof whichresultin the bolt-loaddistributionfor,
jointsof unifam dimensicmewith%olts in Qne with,the load. A
procedureis also @ven in which the recurrenceformulais @pplif3d
as a homogeneousfiniteclifferenceequationof the secondorder.
In addition,an approximate.analystsbased on the shear-l% solution
of a substitutesinglestr@er structureis presentedwhichmay be
employedin most practicaldesipyswith somegain in timeat a small
sacrificein accuracy. An exampleis solvedto demonstratethe use
of the shear‘lagsolution-anda comparisonis madewtth the other
methodsof.analysis.

.,

The secondpart of the paperdescribess~ain-gage testsfor
jointswith five and nine bolts in line. (Thepreliminaryinvesti-
gatioriemalyzedjotntswith only threebolts in line.) Becauseof
the generallysatisfactory’agreementobtainedin thesestatictests>
it appearsprobablethat thisanalysis=Y serveas an adequate.
basis of desiq of jointsdubjectto fattgueloeda. “

‘”’‘tioDt13TIoN ,,

.-.

Ih @ preliminaryinvesti&Wmn of boltedjointsthe inadequacy
of the elementaryen@neering foYm@.as’for the stressanalysisof
boltedjointswithinthe elasticand plastic~~$ but exclud~
failure>was clearlyindioated. Xn this investi@tion (reference1}
a methodwas developedfor calculatingthe loads carried by the
individualbolts in symmdrical butt jo$nts. The generalbolt-load
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behaviorin the elasticrangefor ~ointswas givenas an equation
which expressesthe re.1.ationshipbetweenthe loadson any two
successivebolts In Mr.mwith the Mad. Althoughthis expression
is applicable-toJoints””ofvariablebolt’spacings,Stiffnesses,and
materials,itsapplication$s,scmewhattedious,especiallyin the
case of lonfiJoints. -

I

—

The presentpapercontainsthe developmentof a recurrence
formulafor the bolt loadsfor the simplifiedcase of a symmetrical
butt Jointwith bolts spacedeven...in linewith the appliedload.
The methodpresentedhereinii!:b~sedon the fundamentalrelationship
whichwas developedin reference1 betweenthe loadson any two
successivebolts. The recurrenceformulatogetherwith the
appropriatebourikeyequatiofifurniih?sthe stressanaly~t’a
simplemethodfor the basicanalysisof joints, “

.,.
In order-toreduce-theamountof computationinvolvedin the

stressanalysisofre”lativelylong jointsof uniformdimensions,”
the”recurrenceformulais also treatedas a secondortierfinite;
differenceequationwith constantcoefficients.AppMcati6n of the
Esolution.of’ this-equationresultsin a sii@leahd d,ii?ectdetermination
of the bolt loads. Thi@Qolution,of’course;may alsobo.readily
applfedto shortjoints”of constantparameters.”. .

In additionto thbsemethodsOF analysisan approximatepro6edure
‘“is‘developedbased on the shear-lagtheoryof reference2. A “
“substitutejOiIlt”, suchas thatused in reference3 with a continuous
connectionbetweenplatean~ strapsinsteadof conneci$ormat &iscreLe
pointsis analyzed, ~guationsanalogousto thoseused in shear-lag

.-
h

problemsare derivedand a numericalcomparisonis made with.the
solution.ofthe finite--differen”ce.equation. ..

Th6 present-paperalso givestfieresultsof an ekpertibnml
,.

investigationconductedto substantiatef’urtherthe adequacyof the
elastictheory”as well as to yibld.additionaldata on the.critical
bolt loadand the behaviorof long Jointsin ‘the@dstic rangeand
at the ultimatebad. The criticalloadas used in the presentpaper
is definedas thatbolt loadat whicheitheryieldingof the plates
in beari~ underthe most hetiVi.ly’loadedbolts or yieldingof the
bolts jn shearor bend.in~occurs, The test specimenswere eyn?netrical
five-and nine-boltJoints. A summaryof the test datafromthe
presentinvestigationand thoseof r6fer6nce-1is made tbkulp
formulateprinciy.lesfor designabovethe.lim”it.of elasticaction,

.. . .
;. .“

..
,. ,. .
.. ,.., ,-.., ...
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SYMBOLS

cross-sectimnalarea, square fiches

bolt constant,dependentupcn elasticproperties,geometric
shape,dheneions and manner of lbding of bolts,and
uponbearingpropertiesand thicknessof plates,inches,per
kip

bolt diameter,inches

YoungtBmodulus,kEIi

shearingmodulusof elasticity,ksi

geometricnuxnentof inertiaof bolt, inchesk

plateconstantfor tensionor compressionloading,dependent
upon gecmetricshape,dimensions,elasticpropertie~of
plates,and assumedstressdistribution,incihesper kip

lengthof joint,inches

externalappliedload,ktps

bolt load,kips

platewidth,inches,

shear-lagconstant,dependenton.pitch,You@!s modulus,
bolt constant,and plateareas

pitch,inches

shearflow,kips per inch

thickness,inohes

distancemeasuredalonglongitudinalaxis of Joint

coefficientsin finite+iifferenceequation

totallongitudinaldisplacementbetweenmain plat,eand,butt
strap,inches

platedeformation

-— -— —
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F tensilestrain
. .
>.

I

z)

,..

stress,&i~. shearing

Subscripts:

av average

h bolt

bb bendingof bolt

br bearing ‘

bs shearof b~lt

cr critical

i designationfor a~ bolt

n numberof bolts in joint

P designationfor main plate

s butt strap

exp expc@mental

thecm theoretical

Ult ultimateload

MKl?HOIJS

Deve@ment of

OF ANALYSIS

RecurrenceFormula —

Qasic assumptionsof mssent theory.-The distributionof loads
in a boltedJointia a staticallyi~deteruinatestructuralproblem.
In orderto solvethisproblemce~tainbasfaassumptionsand
def’~niti.onsmustbe made. The assumptionsand definltionaused

.—

-.

i



RACA TN ~Oe 1458

herein are the same as thoseused in reference1 and are summarized

5

as follcws:

(1)The Jointis a symmetricalbutt Jointwhere
butt strapsare of the mm thiclmessand material.

The zatioof stressto stmainfs constant.

The stressis uniformlydistributedoverthe cros~-
of the main plateand butt straps.

The effectof frictionis negligible.

The boltsfit theholes initially,and the material
in the immediatevicinityof the holesfs not damagedor -
stressedin makingthe holes or insertingthe bolt~.

(6) The relationshipbetweenbolt deflectionand bolt
lad is linearin the elasticrange.,

Generalrelationshipbetweenthe loadsin successivebolts.-
On the basis of the aforementionedassumptions,reference1 shows
that.for symmetricalbutt .Ioints.the generalrelationshipbetween
the ~oadso~any two successivel&s ii a linewith the a~plied
load is

2

● where R

the bolt

and Ks

and butt

%+1 ‘i
5
%+1

P+
(%+%),+,

Ci+l

R

is the bolt load; P, the jointload; .% @ ci+l~
constantsfor the i and i+l bolts,respectively;~

are the plateconstantsfor the part of the main plate

strapsbetweenthesebolts,respectively;and> R is
o

sum &f the bolt balls % to R+.(Seefig. 1 for bolt and space

(1)

the

!

designations.)The gene”mlefi~ssion ~or the bolt constant C’as
derivedin reference1 is

~=2t5+$ ’&83 +16t2\; &st2+t3 “

3%#b + ~&bIb

.
2t8 +-t

‘ .8,5:+ .;%,+ tj%r (2)

.-
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and for the @3te COn~tantiS

NACATN No. 1458

(3)

This analysiswas basedupon the laws of staticsand upon the
yrincipleof elasticcontinuity,whichrequiresthatafterload is
appliedthe deflectionof bolf i plus the elasticdeformationin
the butt strapsbetwe&ithe boltsmust equalthe deflectionof
bolt i+l plus the elast?.cdefornmtionin the main platebetween
thebolts. Equa%lon(1)my be generalizedto”applyto jointswith
taperedstrapsand with boltsof variablsspacingand stiffness.

Derivationof recurrenceformub for jointsof constant ‘
pa-~~~quen%ly’ occursAn d~~ignis that in a
whichall the bolts are of the samematerialand eizeand are spaced
uniformlyin linewith the appliedload.,Then.

and equation(1)becomes

Similarlyfor bolts i and j-l

Subtractingequation(5) from equation(4)yieldstheba~ic
recurrenceformulafor the bolted-$ointproblem

,. -.I

!()~2K+K’‘i-l - 2++2 Ri + Ri+l = O

,-
For jointswith a“butt-strapthicknessof one-halfthe main

(.)tplatethickness ts=~,

()+)

(5)

—
—

(6)
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and the recurrenceformuh becomes

() 2Ke

%-l -2+~ Ri +.%+l= O
. .

(7)

tp
When tinejointsare mule of 24S-5?plateswith t8 = ~, fastenedby

alloy-steelbolts,t% expressionfor the bolt constant(equation(2)):
rduces”to

~~*’’(?7~’’:(2)j+:*’+ @)c = ~p%b
:

f

Equations(7)and (8) are direct~ applicableto the jointstested
in the presentinvestigation.For othersymmetricalbutt-joint ‘
arrangements,expressio-nsfor c simikr to equation(8) and based
on eqtition(2)may be foundin appendixA of reference1. A
recurrenceformulasimilarto theone in eq~tion (7’)can easilybe
obtainedfor Sointswith varyingbolt and plate constantsby the use
of equation(1)directlyinsteadof the simplifiedbolt-load
relationshipsof equations(4)and (5).

BoundaITconditions.-Beforethe systemof simultaneousequations
can be solved,the %oundaryconditionsat the ends of the platemust
be defined. In the jointshw in figure l(a) the appliedM@ is
distributedthrougha fork-llkefittingwliichconsistsof a main
phte and two butt straps. The bounda~equaticn for the leftend of
the jointis

and for the rightend is

%-2- [1+(%)] %.J+P” “’
,..-

Th&e equationswere derivedin a mannersimilarto the general
bolt-loadrelationshipin appendixA of reference1.

(%)

($)b)

The Jointshownin figurel(b)‘iscomposedof two Idential
platescarryingequalloadsand separatedby a filleror idler
plate connectedto the main plateby a row of bolts. For this case
only one hounda~ equationis requiredowingto the doublesymetry

.
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. .

of the Jointand is givenas
,“ . . .,.

(10)
L -1 ..

Solutionof recurrenceformulasand.%oundaqycondition equations.-
By the use of the recurrencefo~la g$venin equation(“()and the .

.—

boundaryequations(9),a systemof n simultaneouslineareqwtions
involving n unknownbolt loadsis obtaihe’d,A rapidand accurate
solutionof theseequationsmay be obtained%y usingthe Croutmethod

.—
4

describedin reference4. When the Jointlarameteisare variable,
-.—

I however,the systemof simultaneousequationsresultingfromthe
applicationof equatiqn(1)canbe solvedtiore’rapidlyby the use
of the methodpresentedin reference5. This methodtakesadvantage
of the analo=between these simultaneouseauationsand those
obtainedfor-thecurrentdistribution

Solutionof Problem

Finite-Difference

itia ~irect-currentnetwork.

by Means of , :. ‘,

Equeitioq .—

Since the recurrenceformula~reviouslyshownin equation(6)”’
is a homogeneousfinite-differenceequation@’ the secondorderwith
constantcoefficients,a solutionto this equation- be o%tiinbdas
desc~ibedin reference6. Applicationof the solutionresultsin Q
very simpleand directdeterminationof the bolt-loaddistribution d
in jointsof uniformdimensions.me solutionof equation(6] is
shownas

hiRi=ae -hi
+Be

where the exponent k ~ be obtainedfrom the relation.

where ,.

(11) ‘

(E.)

,, ,=552
c

~ (13)
,.,, ,,,. ;..

,, ..’.*“’ , .
,, ., .,.. . .
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The constant
detemined.by the
appendixA.

9

coefficientsa and ~ of equation(11)are
use of the boundaryequations (91, as shownin

#
The resultsare

,=.[,2&2&2?JJp
(14)

where n depotesthe numberof bolts 3D,th,eSoint. With the
oonstants a, ~, and k detezmlned$the loa~ carriedby eachbolt
may be founddirectlyby successiveapplicationof’equation(U),
In appendixB, & numericalexampleu~iagthtpnet.lmiof analysis
is given,

ApproximateSolutionby She~Lag Analogy

Chuuxwisonbetweenthe bolted-.lotntnroblemand the shea-la~
p?oblem.-The fundamentalactionof a bolted jointunder load closely
paraUels the actionin skinand singlestiti.~erecmbinuationsused.
as axiallyloadedpanels. (Seereference2.) In botlncases.the axial
load is tremeferredfrom one oomponentof the structureto another
througha Sheai- carqging medium. The clifferencebetweenthe two
actionsis that in a bolted jointthe loadsai’etransferredin finite
amountsat definitepointsratherthen t&ou@ infinitesimalelements
as in the single-stringerstructure. In thebolted Joint,moreover,
the defoizuationsof the connectingagentare not solelydue to shear,
but the bolts,being discreteconnectors,deformby bendSngand
bearingas well as shearingaction. Therefore,in orderto applythe
basic equationsof the shear-lagamalysis,a lfsu’bstitutestructure”
must be used.

of th=~km ~obolt-load distribwt.ig.based WUUC!flUkQ&@DS
- ,.-An actualjoint(fiS.2(a})may be idealized

as shownin figure2(b), me substitutestructureis obtainedby
distributingthe bolts,or sheau-oarqingmedium,over the pitch
distarme p as-a “cementinglayer:’and consideri~ the resisti~
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shearflow q in thismaterialto be

This expressionis analogousto the shearflow 7t in the shea%lag
problem. Also,in confomnancewith the basica~sumytionspreviously
outlined,the elasticdetoxmationsof this fictitiousoorrtinuous
cementingmediumare assumedproportionalto the bolt load;that is,

f5=Q-
2’

where 5 is nuw definedas the totxQUm&itu.dinaldisplacement
betweenthe main plateand strap. Equation(1~)is analogousto the
sheawstrainrelationship(yb) givenin roferenoe2.

By substitutingthe~e‘lequival.ontftmpressidns intothe funda-
mentalequationsof the shea&4.agand$’eis,the equationsused for
the solutionof the bolt--loaddistributioninbo~ted jointsof
con9tant
figure ‘2

dimensionsare obtained. For the praotlcalcase shown
the followingequationapplies

where ~ = As + ~ and the constant k. whioh is analogousto

in

(16)

.
the

shea%lag parameterappearingin analyticalqolutionsfor,s@le-
stringerstructures,is definedby 1

When the butt-et~ap

() ‘Pthiokness t~ =————
2

k2=—(d1L42
pEc “g

(17)

thicknessequalson-half themain plate
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and equation(16) reduces to

q .,,*P-i. 2, ehli.+

where k Is now definedby

It is convenient
figure2, startingat

~2= 2.— ...
pECA~

(19)

to take the positivex4irecti.onas shownin
a distanoeof one-halfthe pitch from the first

bolt. Thus, the lengthof the joint L may Ye consideredsimplyto be
equalto the numberof bolts in the jointtimesthe pitch (L = rip).

These expressions,strict3yspeaking,are only l’exactl’for joints
fastenedby bolts spacedinfinitelyclose to~ethe~...The accux’aoyof
thismethodwhen appliedto ~ointawith pi@hes of finitelength,-
however,can be shownby a numerioalcomparisonwith the exaot
solutionof the finite4ifferenceequation, AppendixB illustrates
the applicationof the methoa;and’acomparisonfor a nine-boltjoint
is made of the resultsobtainedby use of the threesolutionspresented
herein. For this case the bolt loadsdeterminedby usiug the she-
lag analysisare onlyabout2 percentless than
exactsolution.

EXFXXIMENBIL1NVE3TIGA.TION

~ose ccmputedby the

,.

Test Speoimensand Procedures

Speoimens.-Tests reportedin refetience1 had been confi~edto
short Jointswith two and three%oltswith a large pitch.‘In order
to obtainexperimentaldata on lower Jointswith a smallerpitchand
a ~eater plate-thickmessrange,testswere per?onned.on six
symmetricalbut%~oint specimens.

The specimenswere cons&ucted of 24S4 almi~alloy plates

fastenedby ~-inch airoraftbolts. tJ_lspecimensweremade symmetrical

abouttheirlongitudinaloerrterlines. Only two,however,were short
enoughto he testedas doublysymmetricaljoints,that is, symmetrical
also aboutthe t=verse center line, In all jointsapftch
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of 1~”irmheswas used. This pitchwas determined‘bythe minimum

!

spaceneededto accommodatethe wtz’aingages. The butt-strap
thicknessin all speoimenswas one--halfoi’the thicknosaof the
main plate. The six speoimenswere dividedinto two groupgof
three jointseach. The jointsof one ~oup, @’?upC, had fivebo>ts
and thoseof the other@oup, groupD, had nine bolts. (Group~A
and B were thoseof referento 1, whiohare includedagainin this

paper.) The speoimeneof &roupC had a width of $inahes, whereas

thoseof groupD had a width of 3: inches. A tabulationof the

dimensionsof the specbens of,gr&ps C and D is shownin table1
~d photographsof the fr~tured specimensare shownas figures3
and 4.

In each group of speciinenatherewas one jointfor eaoh of ~he
threeoasesfoundin actualstructures.SpecimensG-1 and II-1were
of balancedde~ign,s~g imeneC-2 and D-2 were desigrmdso thatthe
boltswould fail in shear,and spooimensC.-3 and D-3 wore dosi~ed BO
that the platewould failin tension. All.the desi~u were basedon
the usualasm.mptionthat theload is dividedequallyamongthe bolts.
The saneprecautionsthatwere”takenin the invewt.i~ationof refew-
ence 1 to eliminatebeari~ of the platesGn tho bolt threadsand
frictionof the nuts on the plateswore ohflerved.

Testing&rocedure.-The test setupof a typicalspecimenis
shwn~n f@ure ~. The ~ointswere testedin tensionby means of a .
hydraulictestingmachine.havl~a 300..kipoagacityand an aacuracy
to about 1/2 percent.

t
8train.swere measuredon the butt strapswith

electricalresistance-type~es of ~-inchg~e lengthin 16 to 20

incrementsuntilfailureoccurred. ‘~roga~epatternswere used as
#

shownin figure6, the secondpatternhavingteen consideredmore
suitable for the Jointswith the widerplates. Each specimenwas
preloaded threetimesto approxixmtely~0 percentof the estimated
ultimateload..

. .

Calcu@tion of bolt loadsfrom straina8ta.- The load on any
boltwas consideredto be the differencebetx?eenthe loadsin the
butt strapsat sectionsmidwey’betweenthe bolt in questionand its
two adjacentbolts. In orderto studythe influenceon the bolt loads
of the methodused to obtainthe but&-stza.ploads,two independent
methodswere used to aonvertthe straim~e data to li~tt-straploads.

By the firstmethod,the butt+strap-d was computed”simply
as the &rossarea of the hrfjtstraptimesthe averacestress. The
averagestresswas consid~redto be the Nrcductor the arithmetical
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,

averageof’the five s** readiygson a gzg3llne and tie modulus
of elasticity(assumedto be x),6(xI ksi ). By the seconduathodthe
%utt-straploadwas compu%d hy multiplyingthe area undera curve
forE@ %y conneot~ ,thefive strain.readingswith straightlhe8
by the thlctiess.ofthe strap”aqdthe”modulusof elasticity.This
*a tis ~ou@ by u&ing.-thetiapezc@3J.2nile. . . .

,..
S@cp.,$&e trapezoidalmetiodapproxirate~an inip~atioriof

strainacyossthe butt qtrap~it naturallyis the more accurate
methdd. The loadscomputed,cn the basis.~f hvera~ stiain,however,
correspondedcloselyto the o~ks cdn.@-%il.by the trapezoidalmthod
exceptin some instanceswhepe the variationof strainacroasthe
crosssectionof the strapwas large. In all casesthe strain e3
measureddirectlyin linewith bolts tendedto read lowerthan the
outsidestrain. This%.efie~cywas aocent@ted at h@her loadswhen
the bolt began to $e,aragainstthe @.&’x@,thiseffectresuitsfdr
some casesin a change..~fStcraknfrom t9nsionto compression.h%-n
with theeelargevar~attqnein etiaidsthe greatast diffclrencein loads
c@a~ated by &e two qwt~ods.was about 23 percentand &ls difference..
occurred,at a critical.~oad. At lower $ointMaiisall differences
were smaller. ,. ..

, . ...
Xt is also of importanceto rmte that stratim3asuretintstaken

at the centerline of the ~ointa@ reducedb, loadby ‘tietrapezoidal
rule and comparedto the niachineI&d iiiLic6tedttit the.internal

,load in the strap.~ determinedwithinalout5 percentof the
actualjointload, Curvesrepresentingth&3relationbetweenthe.
appliedjointload‘andthe.measuredin@rnal loadwere linearup to
~ointfailure. This lim.earityprovesthat the presenceof the lateral
bendingof the butt~strap&us to eccentricloadingthatwas evident
in jointstestedin the prelhuhary inveyti~tionwae entirelya%sent
or negligiblein the presentte&ts. ‘l?heeliminationof ber~ingin
thbsejointsray be attributed,to a larPy3extOnt,to the’,fact that
a greaternumberof boltswere used.to resistload &nd also that the.
increasedplatewidth of theseqmc~ns @forded greaterflexural
rei3istance,Sinceno correctionof the plateloadsis necessary,
theseplotsare not shown, .:

!thsplottedpOti’&in fi@u?es~ to ~~ azzebas6d lQOn the

trapzoidd. rule. The analyticcurvesshownh conjunctionwith
these points,however,assurethe stressta he untiormlydistrilnrted.,
To modifythe theoryfor the,irre@.arityof stresscausedby stress
concentrations,largebearingdeformtionff and eftectof small
pitchesWOUM involvea corr~ctionof the ylate constantsKp and Ks
~whichwouldresultin nonlinearcurvesof jointload a&inst bolt
load for all,boltsof a joint: An approximate~-lysis assumingthe

..’
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#

stressdistributionfoundirspechen D-l,indicatesthat,in the
bolt carryingthe greatestload,a 14 peroentIncreasoi.n K increases
the bolt load onQ 5 peroenii It ia appahent$therefore,that the
calculationsfor the plateLoadsare not’sensitive.tosmallchanges
in the plateuonstants. For the other joints,calculationsmade by
use of etresspatternstypicalc~feaohspeoimenindioatethii same
tendency to ti-f3ven

Curves showing
and the bolt loads
to 1.2. Plotted for

grea& extent.

IWtstic Behavior

the relationshipbetweenthe Jointload “P
R for all test jointsare shownin fi~res 7
compariwm are the analytical ourves, whichare

shownonlyup to the loadabovewhich :theyare no longer considered
applicable.The calculatedbolt and plateconstantsand analytical
bolt Loadsbasedon measured,&lmensionsare.shownin table2.
Fi~res 13 to 15 show the theoreticaland oxperinentalbolt-load
distributionfo~ eaoh jointat the load.at whiohthe criticalbolt
load Rcr was reaphed. The bol-tload iQ expressedas a dimensionless

ratioof the bolt loadto the average‘boltload P/n.

The agreementbeween the experimentalpointsand theoretical
values can rosily be seen in figiwes 13 to 15. The general trend
of the experimentaltest poizrk ‘follows the theoreticalcurvc3t3;
however,in scme of the specimensthereare discrepanciesin the
individualtestpointsas high as ~0 pez’cent.Inmost of the cases
where theselargeerrorsappead,an adjacentbolt has an tmror of
approximatelythe senmmount but of the oppositesign. This
Interwhamgeof load is premmably due ‘inlargepart to irregularities
of fabrication.If a bolt dooanot fit tight~ ttwill not “pickup”
its share of load and the loadthat it does not piokup will.be
takenby the’adjaaentbolts. ..

‘ On spectiensD-1 and D-2 bakelitegageswere used. Thesecages
did not adherewell,and the resultsobtainedwith them are opento
consiilerabledoubt. On spooimenD--2the gagesbecsmedetnchod
completelyduringthe test,and the last fivebolt loadscouldnot
be determined. *

InelastiuBehavior

Deterlninationof the ‘tcrj.~ktil.-Ex@l~*ionof tie
data obtainedfromthe presenttestsshowsthat,aa was the caGeIn
the pJ?#vioueinvestigation,thereis some definiteload for eaoh

1

.

.

I



joint beyondwhichelasticactionno ~orqyrcontinues. The yielding
of q- component,eibherplataor bolt, is consideredto constitu%
the beginn~ngof the ~la8tic. actionOY thewhole joint. Yielding
in smallregionsof s~ess concentrations,however,is not included
as suchyieldinghas no s.~preciableeffect&n the over-allelastic
behaviorof thejoint.

The samemethodthatwas describedinraference1 is used
hereinto obtainthe limitof elasticactionMown as the critical
bolt load. Examinationdf the teat tits shdwnin fi~eti 7 to U?
shows that the test points for all bolt-loadcurvestend ta break
away from the linearity-oftie lowerpart. The bolt load at the
intersectionof the straight-lineportionof the lowerpart of the
P-R curvewith thatof the upperpart determinesthe critical-bolt
load. !RIScurye:of-thqbolt carryingthe greatestloadwhen yielding
occursis alwaysused @ determinethe ctiit$calbolt loadof a Jo.$at.

.. ,..

~thble 3 the critical loads and stresses for tests of the
present investigation are given,and in talle 4 all the” critical loads
for the tests of this serissand alsofor thoseof Teference1 are

3i6ted.with’theircorresponding,”$- and ]-ratios. A comparison

of the critical-bolt-loadvaluesshowsthat althoughit-appears
&meralIy true that the criticalbolt load is largelydependenton the
pemneter D/~ (aswas indicatedby Volkersonin reference3) It

also is influencedto someextentby the ratio of b/D.

Behaviorof boltsfor loadsa%ove Rcr and at’failure~-In the
—— ‘

preliminarywork on two- and three-bolt-joints{reference1), it was
observed’that,for loadsshovethe criticalbolt load I?cr, a process
of bolt-loadeq~lization tookp;aceas a resultof the yieldingof
platesand bolts so that,at failureof the joint,the bolts carried
equalloads. This phenomenonwas representedbya s@aight line
connectingthe pointrepresenting~r with the pointplottedfor

the average~olt load at Jointfailure. Exsm&tion of the test
resultsshowsthat the same general tendency for the bolt-loadcurves
b departfrom linearityat Rcr thatwas found in reference1 is
seen in plotsof the presenttests. The bolt loads however,donot,

in general,approachthe averageload at failure
e)

fit— . Thisfailure
n

of the bolts to equalizetheirlosd.sc& be explainedin the same
manneras was the failureof the exper5m3ntaLbolt loadsbelow I&
to Wee with the theoreticalvalues. Exam3mationof the ylots in
figwes 7 to 12 showst@t inmost casesthe bolt loada%Wt did not
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1

agreewith the theoretiod.valuesin the elastio-e were also In

disagreement with the average load olose to the ultimatm values.

Despitethe faatthat the loadsin the individualbolts’did
not ap~roaoh P/n at loadsJustbelow failure,satisfacto~
agreementwas foundbetweenthe obse~wedult~te and the oalcu~ated
ultimateJointloadsbasedon the conventionalmethod05 desiqn
exceptfor the ~ointeof balanoeddesign. ,Intable!kd a~al”~~on
betweenthe ob#ervedand ca3.bulatedultimate’hadu is made for all
Groups. In the oalcuktlon foi” the ultimateloadsan allowable
ahmr ~tressof 83ksi was ased for the bolts. This a~owable
shear stress was ba8ed on the fa.iUW stresses of nine aimraf~
bolts; IM orde~l to include the Mfects of stress oonoentrations
and filled holesj, the allowable tensile stresses were detemined
from a number of riveted joints with different ratios of l/D,
The allowableetress% used are based on the ultimatetensile.str,ess
of standardteneile”spqoimensof 24S--Twith solidorossseotions
(70 ksi) “dorreoted for them effeots.‘Forthese~oints,w2’thratio~
of b/D of ~, 7,5, and 14, the allowable stresses were taken”
as 66.7, 65;3, and 60.7ksii reopeatively,In addition,a valueof
90 ksi was used for the beari~ allowable d%ees, as stipulated in
refemnoe 7S .

.,,
.“

., CONCLUSIONS ,

The analysisof the data fromtestsof’~@ve symmetricalbutt
joints(inclu~ six of NACA9NNo. ‘2051)made of”2k3-T aMminum--
allioyplates,‘Joinedby eithertwo, t~ee~ five,oi nine alloy-steel
bolts of the sewe sizewith the boltsIn linewith thd ’mcialload,
leadsto the followingoonolusions:

1. Th?analy$$c,alformulasTresentedwercadequatefor desorzbi~
the actionof theseJointsin theelastic mnge beoause,in general,
the differenoe~betweenthe terjtresultsand the calcuktod results
for the maxhmbolt loam am smallqrthafi~oatterof tewt,results
o“ausedby unoo’ntrollableirre@.arityin the behavior.of the
Stl’uotlmks. ..

2. The ultimatestrengthsof the test joints~th thinplates

(ratioof bolt”dj.ameterto platethj.okness$-~. l,JI!.to 3.12)were

predictedwithinabouth _percentby the usual assmption that the load
is unifonmlydistributedsmo~ the bolts, For Jointswith thickplates
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(D )
t; = 0“33 b ‘“50 the prediction basad oti tie-assumption was

about 3 peroent oonsarvativec

3. In the ultimate strength calculations of’ the balanced-design

c )“Jointsof this invwtigation ~ = 0.67to 0.83 , ‘hcwemr, the
P

prediction was about U percent- unoonservative, this rasult
indicatmthat the qua~tion of determination of tie failing loads is
by no maans settled.

LangleyMemorialAeronauticalLaboratory
NationalAdvisoryCcwmxl.tbefor ~mronau’tics

LangleyField,Va.j JU3Y 29, 1947
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API?EHIIXA

DmmNAmoN 03’Com??zicm UExD m

l?INW--D_RENCi-&JATION SOLUTION

When the genegalrecurrenceformula(equat?.on(4)) is oonsidered
as a Qauogeneousfinite-.dif fcwenc e equatlm of the sec ond order, the
aolution is

—

R~ =Cto
M. + fkr;’i

where

and

For the butt joint,
may be givenin the

~hm equations (Al)

—

(Al)

the expressionTor the leftboundaryooqdition
form of equation (9a) as

%?-(1 + y)I$ + Hi+% = --- 1? (A2)

@ (A2) (i = O arid i = 1) azw combined,the
resultis

mT

The equation
the internalbolt

expresd.ng
lud.s must

the condition that the summation of
equal the appliet load is B@p3y

P=
Y

.:%

—
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or, in expandedform,

SolVingequations(A3] and (A~!} si.multemeous~, ~ves the arbitraq
coefficients cc and p, “Thus,

.

a=

and

.

.

I
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APPENDIXB

NUMERICALEUMPZ13OF METEOD3

As a numericalexampleto illustrate

OF ANALYSIS

the applicationof the
threemethodsof analysisdeveloped,the analysisof test specimen
B-1 will be given. This nine-boltjointis mad~ up of’the followlng
components:

Steelbolts:

D=~in.

‘ib “= 29,000 ksi

24s4 plates:

tB = & in.

P = 1* in.

E = lo,~oo hi

Analysisby RecurrenceFormula

‘Sinaethe butt-strap~iokness equalsone-half

()

%thickness t~ = ~ in this ~oint,the recumence

(equation(6 ) applies:

2KS()Rio-l- 2+~Ri.+Ri+l=0

the main plate

formula

(Bl)



●
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The plate oonstant is

21

,,
1.25 1“= ., -=—

(3.5)(0.1875)(ioy$@ 5514

The bolt aonstantmay be determine&frc$nequation(8);thus

c=&{.13G)2~eM+(;y] +18j ~

t
g= 0.375 =15
D o.Pj “

..

1
c=— k33

KS
433—=— = 0.07855

c 5514

=s
— = 0.1’571
c

With thesecoefficientsdetermines,the systemof equations
foundaooordingto equation(Bl)and the appropriatebound~
equation(gb)is

- 1.1571% +Rl =-0.078553’

~-2.157++R2= O

‘1 -2.1571 ~+R3 = O

‘2 -2.157LR3+R4 = o .

‘3 -2.1571 R4+.R5= ()

R4=2.1571R5+R6= o

R5 -2.1571 R6 + ~ = O

R6 - 2.1571~+R8 = O

5 -“ 1.1571 q =-0.07855 1?
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The solution of this system of simultaneousequationsyieldsthe
bolt loads carried by the individual bolts. Inasmuch as this set
of equationois synmetrioalaboutthe middleequatton,only the
firstfive expresaioneneedbe used. The resultsare listedin
table5.

,,

Cmnparingthe bolt loadscomputedby thimprooedurewith the
bolt loadpredictedby the conventionalanalysisin whicheachboLt

()la assumedto cazagthe same load R = ~ shows that tlhe two end

bolts are overloaded and that the inte~ior bolts c~~~ less than
they are oomcl.demd to support. Thus,

%) %3 ‘*’=R—= 1.37
F

5=3= 1,,...
R 3

R2 R6
—. =— = 0.83
RR

:3=5=0*

RR”

%.
— = 0.63
R

Analysisby Solutionof Finite.-DifferenoeZquation

llquation(11)is the closed.-formsolutionor the recurrerae
formula appliedas a finite-differenceequation and is givenin the
form

-.

.—

.

.

.. =

.

*



NMA ~No. l@8

therefore,fram equation[12)

23

L ()=oodh-l 1 + ~ = cosh-1(1.07855) = 0.394
2

The
and

aoeffioients a and ~ are det&nined from expressions (12)
(13), respectively. Since n = 9 for this ease, the results are

[

z

(-nL- 1)(p.+Tpe
a=- / I-1x 1P-nlkI-L

-1 .,
l-\ J\

10,1571 + 0.0786 (e-3”55 -$
=-

( )1
03.55 _ e-3.55 8-0.394 _ ~ p = 0“00713 p

x

[ i

~+?(em -l)- -

p = (~n-j p

Startingwith
3013 loadsre

~=R8

R1 = R7

‘2
= R6

=R
‘3 5

‘4

i 10.1571+ 0.078+3”55 -$-

~3*55_ 8-3.5 0.394_ 1)p=0.1677P

the firstbolt, successiveexpressionsfor eaohunlcuown
written in the following manner by means ~f equation (B2):

=a +p = 0.00713P + 0.1677P = 0.17WP

=ae L -h+ Pe = O.O1O58P+ 0.u31P = o.1237P

= ue2k + j3e-~ = 0.01569P + 0.07628P = 0.0920P

= ~3k + ~e-3x= 0.02323P+ 0.O’31551?= 0.0748p

4A + ~e-4x=Cce =o.03b68P +0.03468P =0.0694P



24 NACAIfN~o. 1458

By thisanalysisthe individualbolt loads are detemined directly
froma singleexpression,obviatingthe solutionof simultaneous
equations.The resultsare tabulatedin table5 for comparison
ti-ththe othertwo

Since h this

in the analysisby

methcds.

Analysisby She-Lag Analogy

joint As =
%

, equation(12)may be used

sheaz=lag analo~. Thus,

()L“oosh k-— X
R~ ‘Q

2.1*2= p
2

{

Aooordingto equation(19),the’modlfiedshea~lag paremter k
is

~2 2= 2x433 ,.— ..—
= pEOAs (1.P5)(305W](3.5)(0.IM5) = 0“1004

or

k = 0.318

The positive x-direution is taken as
the length of joint L may be considered

L=np= (9)(1.25)=

shownin figure2; therefore,
as

U. 2’5

By applyingequation(B3) tsuocessively, the expressions~or eaoh
bolt are given as follows:

~ = R8 = (0.318)(1.25]RuE!fY-&lp = 0,,,,,
(o,318)@025] “

2 Sinh 2

‘1 =% “ 0’0684‘osh‘“318(6’675- 1“5‘:”1“25)P”=0’1230p

R3 =I?5 =o.068A.uosho.318(6.675-3.5 x1,25)P =0.0742P

.._

—,

R4 =o.0634cosh o.318(6.67q -4,5 x1.25)P =c?.068hP
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24S4 plates;S.A.E. ‘2330 (or equivalent) IIoIM]

Number of ~~ MeJnuYd d-imensiolm

&h
ailtm-mhle ‘

Sp3cWnen
$ l)a bp J+j ~“ -h.

y~m~’ : \ :a (ij) (in.) (In.) .(In.) (sq(&.) (eq(~. )

c-l “ 7.5 0.668 1.34 o.li3 x37& M-p5 1.875 0.344 0.701 -e+ deai~

C-2 7.5 ● 334 .67 .3eo .749 .1.8561.859..”,.705 1.V8 JointdOS@ld to

fe@ in boltshear
,5 .,.- . .

&3 7.5 3.09 6.* :0392..o@3‘i.8741.875 .#~ “. .1506 Jo& designedto
~.fallin“tenelon

D-1 14.0 ●W 1.34 .?@ .37? 3.5013.YP ““*662 1.32U -~ .ae”!-

lx? 14.0 .334 .67 .401 .751 3.5023.91 1.406 2.630 Jointdmi~ to
W1 In bolteheru

9

I!-3 14.03*O9 6.- .0393 .W5 3.5003.502 .138 .282 Jointdeelgnwlto
failin -ion

%vas area . bt.

Iwmxvul AiJvEoRr
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ROILT MD P.TATE OOM’STANE’3AMD AMAL~CAL ROM LOAI13

[Based cm Mamn’ed Wllenf3icd
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].176

.lg4
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R5P R6P
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.2K -“---
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R7P
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-----
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.3.06

.084

0.67

●33

3.12

.67

.33

3●I2

1/433

@31.

1/151

1]433

l/16g

1/152

lp%

1/5920

1/617

O .2hj’

●212

“270

c -1

c+

c-3

D-l

D-2

D-3

1/5$1

1/u&)6

1/IL56

lploq

1/22088

1/2368

.174

.U?7

.202

.124

.3.16

.125

.075

.3D3

.060

.Op o .o~

.101 .1o2

NATIORAL ADV120RY “
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3peoh at orltioal t91&tl bolt ICOA

bolt m
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(kni)
falhlra of $31nt ~ ad lmata(nl

WV)
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. mlem -ACM ‘m’ BlaImlg”z TUlaAal ““-
(a) (a)

c-l 2J..4O %00 53*3 moo 35.2 3SJ3 75.3 ~.s 3.8 !mnaIcmj at bolt I@
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Ofmplnta
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tbrc@lnatsaotAm
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D+ M2.co 525 28.0 53.6 1“(s ‘f5.oo 44.4 @.o 30.8 “-j dlhlti

D-3 8,(KI 1.33 66.4 u.6 30.6 15.05 %3.0 17,1 *.O TtEm=m a&~t~m

or butt Btmpm
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29 .

Specimen
(a)

A -1

A+

A -3

B-1

B+

B-3

c -1

C-2

c -3

D-1

D*

D-3

EKMMARY OF CAICUIATEDAND ~ RESULTS

F’0R2j3> 5, AND9BOIfPJO~

2.83 5 15.96 .16.30

●5O !5 16.04 16.30

L.% 5 10*62 10.78

.67 5 23.40 24.50

●5Q 5 24,20 2k.~

L.34 5 K.02 12.w -

.67 7*5 35 ●13 39.&l

933 7.5 42.yl 40.70

3.12 7.5 8.02 8.60

.67 14.0 63.50 73.40

● 33 14.0 75 ●OO 73.40

3.12 14.0 15.05 15.9

%pecimens A and B &can referenoe 1.
%ased cm measureddimensims.

calculated ultimatelads sa?e

‘w rOtit loadat R
ca~c“ %lt (kipsy

0.98

m%

“99

.96

“99

.96

J%

1.04

993

.87

1.02

995

7.00

8.00

----

slob

13.56

8.25

21.40

15.00

5.10

38.00

42.00

8,00

R

(ki~)

3.88

k.&)

----

4.16

4.80

3.24

5.00

~ .20

l.lLL

p .20

Y.25

1.33

based on conventicmaldesignmethod.

NATIOHALADlCC30RY
COM!ITTEEFOR AERO?WUTICS
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seEcIMEND-1

AS FRACTIONOF TOTALIOAD

Bolt;
/

Methodsof analysis

Recurrence Fi.nite-difference Shear-1ag
fOmula equation analogy

o 0.1748 0.1748 0.1748

1 .1237 ●1237 .1230

2 .og20 ●og20 .0916

3 .0748 .0748 .o@-2

4 .0694 .0694 .0684

5 .0748 .0748 .0742

6 .O$x?o .0g20 .0916

7 .X237 ●2237 .1230

8 .1748 .1748 .1748

P =~R 1●0000 1.0000 0.9956

.

N.ATIOIWLADWLWRY
COM41TTEE FOR AERONAUTICS

.



NACA TN No. 1458” 31

,-

1 I
Bolt O 1

I
Space , I 2 i

LP4
i+!

i+!

-.

I
n-[

~tp +~

la) Syrnmetrica I butt joint. ‘

Space

l-lP
i i+l

I
n-l

Figure 1. –

i

lb) Fl[[er-plate joint.
NATIONAL ADVISORY

00MMITTEE FOR AERONAUTICS

Symmetrical butt joints with bol+s in line with the
axial load .
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I
r II

P/2

P/2

—-----L 7
x

(a) Act u a I

4 i

joltlt,

(b) suktitit~ iomt.
J

f-- k

(c) Half - structure .

NATIONAL ADVISORY

COMMITTEE FOR AERONAUTICS

Figure 2.- Axially loaded butt joi~+.

.

.

.



.

,

Figure 3.- Front view offracturedspecimens.
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Figure 5.- Test setup of a typical specimep.
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Gag

.

.

i

Gage 12345 T tnlQ
& -I*

t
ii

-Yi

Group C

Group D

NATIONAL AOWSORY

COMMITTEE FOR AERONAUTICS

Figure 6. – Strain gage arrangements across straps

of t~s+ specimens in groups C and D.
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Failure of joint,P = 35.13 kips
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Figure Z-cmerved relationships between opph?d jdnt bad and bolt bad for specimen C-1
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Failure cf ydnT, P = 42.5 Kips
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o 0 0 c1 3 Analytical bolt loads
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RO= 0.212 P

3 0 0 0 0
RI= 0.194P
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Figure 8. – Obserwd relationships between ap~kd joinl bad ond bolt bad fir specimen C-2

and compariscm with calculated values.
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Failure of pint, P = 6.02 kips -

8
. m n 4 u AI? QlytiCQl bolt loads

o 0 0 0 c o 0 0 0 0 ~=R, = 0170 P

.{ 7 n a r, l-! c o-c# ~ R,= Rfj=o.161 P
x

o , 0 t3 0 0 00 Rt=R7=o.131 P

0-”
0 0

.6

u 00 o“ o “o R4= R5 = 0.275 P

$5 _&@ + d h
r P

2 ~q’ 0/’ J o Experimental
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f-0
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?
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NATIONAL #Dw50RY
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Flgurc 9.-Observed reldionships between applied joint load and bolt load fbr specimen

C-3 and comparison with calculded values.
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I Failure of joint, P= 63,5 hips — I I I
--it—~—~ - Analytical bolt loads

c1 o 00
RO=RB=O. 174P

n n n

R,= R7=0.IZ4P

o 0 3 0 R2= R6= 0.092 P

o 0 0 0
R3= R5= 0.075 P

~= Q070 P
o n n n

+ A A q
0 Experimental

$ d
I

P q ❑ RQV at failure

(! + J k Rcr
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] 0000000001

1
1—P
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I
d

Bolt 012345678
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I
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BoH load, R, kips NATIONAL AOVISORY

COMMITTEE FOR AERONAUTICS

Figure 10.- Observed relationship between applied Jdnt bad and bolt load for

specimen D-1 and comp~rison with calculated values.
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) Failure ofu joint, P 1=~5 KiPS~

70 -0
‘IQ n n

)
Analytical bolt loads

o 3 0

60 –Q fT A n RO= R5= 0,128 P

o () o 0 R,= R7=OJ15 P
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